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Figure 1: TaH2 improves both test-time and iteration-depth scaling. Mean AIME24-26 accuracy
over 32 samples for 1.7B models post-trained from the same checkpoint. (a) Output-token cutoffs
sweep 4K—16K; lines are fitted trends. (b) Accuracy at a 16K cutoff as the depth ceiling M grows.

ABSTRACT

Looped transformers have demonstrated promising parameter efficiency by
reusing layers for latent computation. Prior studies compare looped and non-
looped models at matched parameters or per-token FLOPs. However, to the best of
our knowledge, whether looping improves test-time scaling as outputs grow longer
remains underexplored. Through post-training looped transformers, we study the
accuracy—compute slope, measured as the accuracy gain per doubling of test-time
decoding FLOPs. We find that existing looped transformers often yield steeper
slopes than their non-looped baseline, yet underperform it at matched compute.
While fixed-depth looping spends extra iterations on every token, our analysis
show that many tokens do not benefit from extra iterations. We therefore pro-
pose TaH2, which enables the model to focus extra iterations on the tokens that
benefit from looping. It jointly post-trains the backbone and an iteration decider
through lookahead depth supervision, which uses online labels indicating whether
further iteration improves the prediction. TaH2 improves both the efficiency and
attainable accuracy of test-time scaling. On challenging AIME benchmarks, TaH2
improves the accuracy—compute slope by 53% (2.74 vs. 1.79) over the non-looped
baseline, exceeding the baseline’s peak accuracy by about 3.4 points at matched
test-time compute. As the maximum iteration depth increases, existing looped
models largely plateau, while TaH2’s gain over the non-looped baseline continues
to grow from +2.8 points at depth 2 to +3.9 points at depth 8.
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Figure 2: TaH2’s architecture and training scheme. Left: the decider decides whether to continue
after each iteration. Right: the updater reinjects token embeddings at each iteration, and stopping
probabilities weight per-iteration predictions. All modules share parameters across iterations. The
decider receives online depth supervision after each iteration; the no-gradient lookahead supplies
the target at the stopping point and is omitted at inference.

1 INTRODUCTION

Test-time scaling improves language model reasoning by spending additional inference com-
pute (Jaech et al., 2024; Guo et al., 2025; Snell et al., 2024). This computation can support longer
chains of thought in token space (Muennighoff et al., 2025), or repeated applications of shared layers
in latent space, as in looped transformers (Dehghani et al., 2019; Geiping et al., 2025a; Zhu et al.,
2025). Parameter sharing makes additional depth possible without increasing model size, but each
iteration still incurs decoding cost. Prior scaling studies compare looped and non-looped models
at matched parameter counts or per-token FLOPs (Prairie et al., 2026; Schwethelm et al., 2026b;
Wang et al., 2026b). These comparisons do not establish whether looping improves accuracy—
compute scaling as output-token budgets increase. We study this question through post-training,
a practical way to introduce recurrence into pretrained LLMs without training a looped model from
scratch (McLeish et al., 2025; Chen et al., 2025b; Fu et al., 2025b).

Using the same pretrained checkpoint and post-training data, we compare Standard (the non-looped
baseline) with two principal looped architectures: full-stack recurrence in Ouro (at fixed depth or
with its adaptive exit gate), and middle-block recurrence in Huginn (Zhu et al., 2025; Geiping et al.,
2025a; Huang et al., 2026a). By varying the output-token cutoff up to 16K at test time, we measure
the scaling slope as the accuracy gain per doubling of decoding FLOPs. In this post-training setting,
fixed-depth and adaptive Ouro (maximum iteration depth M = 2) and Huginn (M = 3) yield
steeper scaling slopes than Standard (2.12, 2.27 and 2.26 versus 1.79), yet remain less accurate over
the overlapping compute range (Figure 1a). This motivates our central question:

How to post-train looped LLMs to outperform non-looped LLMs
at the same test-time compute?

Fixed-depth iteration spends extra compute on every token, although many tokens gain little or even
get worse (Section 3.2). Ouro’s adaptive exit gate improves compute efficiency, but not enough
to surpass Standard. We introduce TaH2 to improve test-time scaling by learning which tokens
benefit from additional iterations and allocating depth accordingly. The backbone and an iteration
decider are jointly post-trained through lookahead depth supervision: depth labels are derived online
from changes in prediction loss, and a cost-sensitive loss supervises each depth decision (Figure 2).
Unlike TaH’s staged training with offline mismatch labels (Fu et al., 2025b), TaH2 supervises depth
decisions using actual iteration gains measured on the current backbone throughout training. In
addition, an updater provides input injection between iterations (Geiping et al., 2025a), and stopping
probabilities weight the predictions across executed depths (Zeng et al., 2026).
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We post-train Qwen3-Base models (Yang et al., 2025) on general-domain data and evaluate them on
math, code, QA and tool use benchmarks. On AIME24-26 at 1.7B, TaH2 improves the accuracy—
compute slope by 53% over the non-looped baseline (2.74 vs. 1.79 points per doubling of decoding
FLOPs). With evaluation extended to 32K tokens, TaH2 exceeds Standard’s peak accuracy by about
3.4 points at matched decoding FLOPs (Figure 4b). Existing looped models largely plateau as
iteration depth increases, while TaH2’s gain over the non-looped baseline grows from +2.8 points
at M = 2 to 43.9 points at M = 8 (Figure 1b). TaH2’s gains persist at larger scales (4B and 8B)
and generalise beyond math to code, QA and tool use (Table 3).

We summarise our contributions as follows.
* Test-Time Scaling of Looped Models. We study how looping changes accuracy—compute

scaling and find that, although post-trained looped models often yield steeper slopes, they un-
derperform Standard at matched test-time compute.

Adaptive Looped Post-training. We propose TaH2, which jointly post-trains the backbone
and an iteration decider, directly supervising depth decisions with online labels indicating
whether further iteration improves prediction.

L]

Improved Test-Time and Depth Scaling. On challenging AIME benchmarks, TaH2 yields a
steeper accuracy—compute slope than Standard and achieves about 3.4 points higher accuracy
at matched compute when Standard plateaus. As the maximum iteration depth increases from
2 to 8, its gain over Standard grows from +2.8 points to +3.9 points.

2 RELATED WORK

Test-time scaling. Test-time compute can be increased by producing more tokens or repeatedly ap-
plying a shared block in latent space. Token-based methods generate longer chains of thought (Jaech
et al., 2024; Guo et al., 2025), with reasoning length controlled through test-time budget forcing or
RL (Muennighoff et al., 2025; Aggarwal & Welleck, 2025). They also explore multiple reason-
ing paths through repeated sampling (Brown et al., 2024) or tree search (Snell et al., 2024; Wu
et al., 2024b). In latent space, latent optimization replaces intermediate text with continuous rep-
resentations (Hao et al., 2024; Li et al., 2025), while looped transformers repeatedly apply shared
layers before generating each token (Geiping et al., 2025a; Zhu et al., 2025). We study how looping
changes accuracy—compute scaling as output budgets increase, comparing post-trained looped and
non-looped models at matched decoding FLOPs (Section 3).

Looped transformers. Looped transformers increase effective depth through parameter shar-
ing (Dehghani et al., 2019; Yang et al., 2023; Saunshi et al., 2025). Architectures differ in the
span they repeat: Huginn loops a middle block (Geiping et al., 2025a), Ouro the full stack (Zhu
et al., 2025), and Loopies individual layers (Gao et al., 2026). Recent scaling studies examine recur-
rence under matched parameter counts (Prairie et al., 2026), matched per-token FLOPs (Schwethelm
et al., 2026b), or both, as in SMELT (Wang et al., 2026b). Recurrence can also be introduced into
pretrained non-looped models through layer sharing (Bae et al., 2024) or curriculum-based adap-
tation (McLeish et al., 2025). TaH2 builds on this post-training setting to learn token-dependent
iteration depths.

Adaptive computation. Adaptive computation can operate along width, by selecting experts within
layers (Fedus et al., 2022), or depth, through early exit (Schuster et al., 2022), layer skipping (Raposo
et al., 2024) or variable iteration counts (Graves, 2016; Banino et al., 2021). Within looped models,
methods differ in how they learn token-dependent iteration depth. MoR trains routers under capacity
constraints (Bae et al., 2025), while pondering methods combine prediction loss with budget or
confidence penalties (Li et al., 2026a; Song et al., 2026; Zeng et al., 2026). Other approaches learn
stopping decisions from terminal rewards (Kuo et al., 2026) or explicit labels: TaH uses offline
mismatch labels in separate training stages (Fu et al., 2025b), and Ouro’s second stage supervises
its gate with token-level loss improvements while freezing the backbone (Zhu et al., 2025). TaH2
jointly post-trains the backbone and decider through lookahead depth supervision, deriving online
token-level labels from measured iteration gains along decider-selected routes. Appendix E provides
further comparisons and discusses scaling, state design and serving.
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3 TEST-TIME SCALING OF CURRENT LOOPED TRANSFORMERS

We formalise the recurrent computation of looped transformers and empirically show the test-time
scaling behavior of existing looped transformers.

3.1 PRELIMINARIES

We use subscript ¢ for token position and superscript (m) for iteration index. We focus on models
that repeat all L Transformer layers, denoting the shared Transformer backbone by Fy and the

embedding at token position ¢ by e;. Let hgm) denote the hidden state at token position ¢ after
(0)

iteration m. Starting from h; ’ = e, the basic forward pass applies the backbone at each iteration
m and computes next-token probabilities:
hgm) =% (hﬁmfl)) , qgm) = softmax (Wouthim)) : ()

Here Wy, is the output projection. Ouro follows this recurrence (Zhu et al., 2025). Huginn
repeats only a middle block, with input injection at each iteration (Geiping et al., 2025a). Let
my € {1,..., M} denote the executed depth of token ¢, where M is the maximum iteration depth.
Fixed-depth models use m; = M for all tokens; Standard is the non-looped baseline with m, = 1.
Adaptive models choose m; per token, as Ouro does with a learned exit gate.

3.2 TEST-TIME SCALING BEHAVIOUR

Setup. We post-train Standard, Ouro (M = 2) and Huginn (M = 3) from Qwen3-1.7B-Base on
same data with a 16K context. Huginn runs at fixed depth; Ouro is evaluated both at fixed depth
and with its exit gate, trained afterwards on the frozen backbone (Appendix A.2). We measure
mean AIME24-26 accuracy with 32 samples per problem, sweeping output-token cutoffs from 4K
to 16K in 2K increments. We fit accuracy linearly against log, of the decoding FLOPs per response
(Appendix A.4.2). Further settings appear in Section 5.1.

Results. Fixed-depth Ouro, adaptive Ouro and Huginn yield slopes of 2.12, 2.27 and 2.26 accuracy
points per compute doubling, versus 1.79 for Standard (Figure 1a), suggesting larger accuracy gains
from latent computation as test-time compute increases. Yet all three remain less accurate than
Standard over the overlapping compute range; the exit gate lowers Ouro’s decoding cost but does
not close the gap. Recurrence has proven effective in pretraining, as in Ouro and Huginn, but our
results point to a gap when it is introduced only in post-training:

Post-trained looped models gain accuracy faster as test-time compute increases,
yet underperform the non-looped baseline at matched compute.

Analysis and meotivation. To examine how fixed- Ouro iterl  itera
depth iteration affects individual tokens, we com- 04r
pare next-token losses after the first and final it-
erations on the validation set. Figure 3 shows the
loss reduction from iterations 1 — 2 for Ouro and
1 — 3 for Huginn. Both distributions concentrate
near zero, and a substantial fraction of tokens ob-
tain worse prediction loss after the additional iter-
ations. For Ouro and Huginn, respectively, 52.3%
and 33.5% of tokens change by at most 1073,
while 21.7% and 15.9% become worse by more
than this threshold.

Fixed-depth looping therefore spends additional
iterations on many tokens that gain little or even . N
get worse. Ouro’s exit gate improves efficiency -10 o1 oo o ooo 01 10
but still underperforms Standard at matched com-

pute. Its backbone is trained only at full depth,  Fjgure 3: Token-level loss reduction from the
causing a traln—}nference rmsmatch under early  firgt to final iteration in Ouro and Huginn. The
exit. This motivates learning token-dependent  three regions report the fractions of tokens that

depth jointly with the backbone, supervised by  pecome worse, change little, or improve.
measured loss reductions.
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4 TAH2: POST-TRAINING ADAPTIVE LOOPED MODELS

Building on Section 3, TaH2 learns token-dependent depth through joint post-training of the back-
bone and decider. We describe its architecture and training scheme below.

4.1 ARCHITECTURE

TaH?2 comprises a shared Transformer backbone, a learned input-injection updater, and a token-level
iteration decider. The updater and decider add fewer than 3% parameters at every scale we study
(Table 7). Each iteration executes all L backbone layers using extended duo-causal attention.

Extended duo-causal attention. We extend TaH’s duo-causal attention (Fu et al., 2025b) to support
training-time lookahead. At depth m, token ¢ attends to executed KV states at positions s < ¢
and depths ;7 < m. During training, stopped tokens take an additional no-gradient iteration for
supervision. Lookahead queries cannot attend to other tokens’ lookahead states; all other attention
follows the duo-causal rule (Appendix A.2.1).

Learned state update. The first iteration takes the token embedding e; as input. Subsequent itera-
tions use a learned input-injection updater (Geiping et al., 2025a), modifying Equation 1 to

h(™tY = £, (uw (et, hgm>)) . ?)

Here Uy, is a small normalised MLP that reinjects the input embedding while mapping the previous
final-layer state back to the backbone input space (Appendix A.2).

Iteration decider and output. After iteration m < M, a lightweight decider predicts a conditional
continue probability

g™ =Dy (e, b{™, TopK (af™) ) € (0,1). g
With exit threshold 7.y, token ¢ stops at the first depth where gt(m) < Texit and otherwise runs to
M. The continue probabilities induce stopping weights over the executed depths (Graves, 2016;
Zeng et al., 2026), with the final executed iteration absorbing the remaining mass:

1— (m) ) (j)’ m < me, my
w,gm) = {( 9 (3‘)H]<m 9 ' qr = Z wtm)qgm)- “)
Hj<mt i m = n, m=1

Training is on-policy with respect to depth selection: tokens follow the current decider’s decisions
under the same rule used at inference. In contrast, Ouro trains at full depth before applying early exit
at inference (Zhu et al., 2025), while TaH trains under an oracle policy and uses learned decisions at
inference (Fu et al., 2025b).

4.2 TRAINING WITH LOOKAHEAD DEPTH SUPERVISION

TaH?2 jointly trains the backbone, updater and decider, with the decider learning online how many
iterations each token should execute. At each iteration, lookahead depth supervision uses the mea-
sured change in prediction loss to supervise whether the token should continue (Figure 2, right).

Online continuation labels. For each supervised token ¢, let agm) = 1[m; > m)] indicate whether
it actually executes iteration m. For tokens with agm) = 1 and m < M, we measure iteration gains
using the per-iteration predictions qgm). For target token y;, the corresponding prediction loss and
gain from another iteration are

(m)

8™ = —loga{™[y;], o =6 — i, )

Positive gains favour continuing; negative gains favour stopping. For tokens that stop before M, a
no-gradient lookahead supplies the next-iteration loss for supervision.

Let ctm) € {0,1} be the target continue label after iteration m, with c§°> = 1 for all supervised

tokens. At iteration m, we rank positive gains among tokens with aim) = 1land cgmfl) = 1and
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select the largest gains until they account for a fraction p of the total. The smallest selected gain
(m)

cut

o) — ) 0 1[5 3 ] ©

cut

defines the computed cutoff , giving

Once a token receives a stop label, its later labels remain zero. These labels supervise the decider,

whose decisions determine a§m+1). Coverage p retains most of the positive gain while excluding

marginal improvements that can produce noisy labels.

Joint objective. We combine next-token prediction loss with cost-sensitive supervision of the de-
cider. The joint objective is

M—1
1 . L (m) (m) . (m)
Lspr = Nzt:_logqt[yt]+aD N 221 (z; Wy BCE(gt ) Ct >, @)
m= t:atm =1

next-token prediction loss . N
cost-sensitive decider loss

where NNV is the number of supervised tokens and q; is the stopping-weighted mixture in Equation 4.
At iteration m, we supervise the decider on all tokens with a,E”” = 1, using cost-sensitive weights

w,ﬁ’”) computed from |5t(m) 76((33) | to strengthen supervision farther from the cutoff. We set coverage

p = 0.99 and the decider-loss coefficient a«p = 0.05; further details are provided in Appendix D.

5 EXPERIMENTS

5.1 SETUP

We summarise the key configuration here; full details are in Appendix A.

Models and baselines. We use Qwen3-{1.7B, 4B, 8B}-Base (Yang et al., 2025) as backbones. We
use the 1.7B model in Section 5.2, and the 4B and 8B models in Section 5.3. We compare TaH2 with
the following baselines: (1) Standard, the single-pass model (M = 1); (2) TaH2-fixed, a variant of
TaH?2 without a decider that executes all M iterations at every token position; (3) Ouro, which loops
all L layers and carries the hidden state directly across iterations (Zhu et al., 2025); and (4) Huginn,
which loops a middle span of layers, reinjects the pre-loop representation through an input adapter,
and uses a fixed depth (Geiping et al., 2025a). All variants at a given scale use the same Qwen3
initialization and post-training recipe. We train and evaluate TaH2-fixed and Ouro at M = 2,4, and
Huginn at M = 3,7; looping 14 of the 28 layers gives Huginn the same effective depths of 2 and
4 full-model passes, respectively. Figure 4a reports mean iteration depth in units of a full L-layer
pass.

Training setup. Training data combine math, code and QA prompts from AM-Qwen3-Distilled (a-
m-team, 2025) with tool use samples from Nemotron-Agentic-vl (NVIDIA, 2025). For the exper-
iments in Section 5.2, we use 273K prompts with responses regenerated by Qwen3-8B, the best-
performing teacher in our comparison of downstream student accuracy (Appendix B.1). We train
for three epochs with a 16,384-token context, totalling 3.4B training tokens. Section 5.3 uses the
original responses generated by Qwen3-235B-A22B and fixes the training budget at TPP = 2 to-
kens per parameter for every model size. A validation set of 1,000 samples randomly drawn from
the training mixture is used for loss and token-level analyses.

Evaluation setup. We evaluate on math (AIME24-26, AMC23, MATHS500 (Lightman et al., 2023),
OlympiadBench (He et al., 2024), and IMO-AnswerBench (IMO-AB) (Luong et al., 2025)), QA
(GPQA (Rein et al., 2023) and SuperGPQA (SGPQA) (M-A-P Team et al., 2025)), code (Hu-
manEval (Chen et al., 2021), MBPP (Austin et al., 2021), and LiveCodeBench v6 (LCB) (Jain
et al., 2024)), and tool use (BFCL v3 (Patil et al., 2025)). We use zero-shot CoT with tempera-
ture 0.6, top-p 0.95, top-k 20, and a default maximum generation length of 32K tokens. We report
avg @32 on the primary math benchmarks and use fewer samples per problem on larger benchmarks
(Appendix A.3). The decider threshold is 7eyiy = 0.5 for TaH2.
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Table 1: Accuracy (%) of Qwen3-1.7B models across ten benchmarks. Olympiad: OlympiadBench;
HE: HumanEval. Bold/underline indicate the best/second-best accuracy per row; subscripts show
gains over Standard in points. FLOPs/token is total decoding FLOPs divided by total generated
tokens across benchmarks, relative to Standard.

Domain Benchmark ‘ Std. Huginn Ouro TaH2-fixed ‘ TaH2
| M=1 M=3 M=7 M=2 M=4 M=2 M=4| M=2 M=4 M=8
AIME24 11.0 13.9 10.6 10.5 14.5 15.7 14.3 15.7 16.3 16.3
AIME25 13.0 14.2 14.0 13.9 134 15.0 154 16.5 16.9 17.9
math AIME26 11.9 11.8 13.3 11.0 10.3 13.2 13.8 14.3 14.2 14.5
AMC23 453 45.8 49.0 459 45.9 51.1 522 50.7 50.9 52.8
MATHS00 75.2 74.4 75.2 75.1 73.5 76.1 78.5 78.1 78.6 79.3
Olympiad 40.4 40.6 40.4 37.9 37.6 42.1 44.0 43.8 44.1 474
code HE 63.6 61.7 64.2 61.2 58.2 63.8 65.2 66.8 65.2 72.6
MBPP 70.2 70.3 69.3 69.6 67.3 70.8 71.3 71.8 72.3 74.4
QA GPQA ‘ 315 337 334 34.0 31.2 31.9 32.8 ‘ 33.1 33.0 32.0
tool use BFCL ‘ 15.3 15.6 14.8 14.3 12.1 14.6 15.5 ‘ 15.3 17.4 17.9
Avg. 37.7 382 384 373 364 394 403 |40.6400 40.943, 42.5.45
FLOPs/token 1.00x 1.90x 3.72x 191x 3.75x 1.99x 397x | 1.21x 147x 237X
® standard TaH2 (adaptive) TaH2 (fixed-depth)
W TaH2 (adaptive) 0.16 [
+0.015| @ TaH2 (fixed-depth) “""
v Huginn
# ouno 0.14 F L
) /e S
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E L2 0.08 // : f’;i&d(aardda tive, M=2) r / === Standard
£ +0.005 L — TaH2 (adagtivef M=4) / = TaH2 (fixed-depth, M=2)
2 006k : : —1:aH2 (adaptiv‘e, M=8) | ; : —TaH‘Z 1f|xedrdepl‘h, M=4)
<
8 s " Huginn Ouro
E e T 0.16 F
% 0.14 f t
>
-0.005 g 012 [
] o 5 / ~
M=2 \-\ g o0k // | o’
-0.0101 . \ . 0.08 |- -~ / // == Standard r //// == Standard
s / / pd — Huginn (M=3) / / — Ouro (M=2)
006k, ; ; | = Huginn (M=7) ; ; ; | —ouoM=4)
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Iteration depth per token Decode FLOPs per response (TFLOPs) Decode FLOPs per response (TFLOPs)
(a) Final validation loss versus itera- (b) Mean AIME24-26 accuracy versus decoding FLOPs.
tion depth.

Figure 4: Depth and test-time scaling at 1.7B. (a) Each marker denotes a model trained with the
labelled depth ceiling M ; lower is better. (b) Dark segments show output-token cutoffs within 16K;
light segments extend beyond it to 32K.

5.2 PERFORMANCE

At 1.7B, TaH2 improves accuracy across domains. Its performance continues to improve with itera-
tion depth, while its test-time scaling yields a steeper slope and higher accuracy at matched compute
than Standard.

Depth scaling. Raising the depth ceiling benefits TaH2 but not the existing looped methods. On
validation loss (Figure 4a), Ouro and Huginn remain at or above Standard at every ceiling, whereas
both TaH2 variants lower the loss further as M grows, with adaptive TaH2 reaching the lowest loss
(—0.0106 versus Standard at M = 8); this advantage persists throughout training (Appendix C.1).
Across the ten benchmarks (Table 1), TaH2’s average gain over Standard grows from +2.9 points at
M = 2to +4.8 at M = 8, whereas Huginn and Ouro stay close to Standard; Figure 1b shows the
same trend on AIME24-26.
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Batch size = 1 Batch size = 4
. TaH2- TaH2-

Metric Std.  go.q TaH2 Std. o o TaH2 /
GFLOPsftok  7.04 1409 859 704 1409 859 £ / /

vs. Std. 1.00x 2.00x 1.22x 1.00x 2.00x 1.22% < 0.10F // /
Latency(s)  139.8 328.7 187.0 2203 4833 2854 ///

vs. Std. 1.00x 2.35%x 1.34x 1.00x 2.19x 1.30% 0.081 / - ?;:;d‘ﬂar:apme .
Tokens/s 2023 89.8 1443 507.6 2299 3762 — T2 i, H=2)

L L s L
20 50 100 200
Decode latency per response (s)

vs. Std. 1.00 x 0.44x 0.71% 1.00x 0.45x 0.74 x

Table 2: Runtime efficiency on AIME26. Ratios are to Std. Figure 5: Accuracy versus mean end-
at the same batch size; GFLOPs/token is the decode cost per to-end latency. Lighter segments ex-
generated token (Appendix A.4.1). tend beyond the 16K training length.

Table 3: Accuracy (%) at 4B and 8B. Sub- Table 4: Design choices at 1.7B. Each row varies one
scripts give gains over Standard in points.  aspect from TaH2 (default in gray ).

4B 8B Variant AIME24 AIME25 AIME26  Avg.

Domain Benchmark Std. TaH2 Std. TaH2  TaH2 15.7 16.5 14.3 15.5

AIME24 520 577 664 70.8 Depth labels (TaH2: Iteration gain )

AIME25 40.3 43.1 52.0 559 TOp—l mismatch 14.1 16.5 12.6 14.4/—1.1
o AIME26 455 524 609 634 Decider loss weights (TaH2: Cost-sensitive )
mal e B
AMC23 886 892 935 96.6 Uniform 129 11.6 113 11.9/-36
Gai TaH2: p = 0.99
Olymp. 670 684 733 744 ain coverage (TaH2: p )
p=1 14.0 134 135 13.6/-19
IMO-AB 312 338 403 420 o
Training decisions (TaH2: Deterministic )
code LCB 354 373 421 444 Sampled 14.4 16.3 120 142/-13

QA SGPQA 286 30.5 380 39.2 Updater (TaH2: Learned )

L 2B 0 B Top-100 embedding 133 141 127 134/-2.1
tooluse ) . ) ) Output (TaH2: Stopping-weighted mixture )
Avg. 46.4 49.6/.37 56.1 58.5,.04 Final iteration 15.4 15.4 12.7 145/-1.0

Test-time scaling. As decoding FLOPs increase, TaH2 improves accuracy more efficiently than
baselines and reaches a higher peak accuracy. Within the 16K training length (Figure 1a), TaH2
at M = 2 gains 2.74 points per doubling of decoding FLOPs, compared with 2.12-2.42 for other
looped models and 1.79 for Standard. Extending evaluation to 32K (Figure 4b), Standard saturates
at 12.0% with 191.7 TFLOPs per response, whereas TaH2 reaches 15.4% at the same compute, 3.4
points higher. Larger ceilings (M = 4, 8) raise peak accuracy further, while M = 2 offers the
best accuracy—compute trade-off among the three. Appendix C.2 further shows these scaling curves
on each benchmark. TaH2 also improves parallel scaling through majority voting: AIME24-26
cons@32 reaches 27.3-29.3% for M = 2-8, versus 21.9% for Standard (Appendix C.3).

Runtime efficiency and real-world test-time scaling. We serve all models with an extended Mini-
SGLang engine that batches requests at different iteration depths in a shared forward pass (Ap-
pendix A.3). Although TaH2 adds 22% decoding FLOPs per token and 30-34% end-to-end latency
relative to Standard (Table 2), it still achieves better test-time scaling and higher attainable accuracy
in actual serving (Figure 5).

5.3 ADDITIONAL SCALES

We further evaluate TaH2 (M = 2) on 4B and 8B backbones (Table 3). TaH2 outperforms Standard
on every benchmark at both sizes, raising average accuracy by 3.2 points at 4B and 2.4 points at 8B.
On challenging AIME math, TaH2 improves by up to 6.9 points at 4B and 4.4 points at 8B.
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5.4 DESIGN CHOICE EXPLORATION

We examine the training and architectural choices of TaH2 at 1.7B with M = 2. Table 4 reports
AIME24-26 accuracy under the 32K evaluation setting.

Training scheme. (1) Depth labels. We compare gain-based labels with top-1 mismatch labels,
which label a token to continue when its top-1 prediction differs from the target, as in TaH (Fu
et al., 2025b). Mismatch labels reduce average accuracy by 1.1 points, as they only reflect whether
the current prediction is correct, not whether further iteration actually improves it. (2) Decider
loss weights. Weighting all decisions uniformly instead of by gain magnitude causes the largest
drop, 3.6 points, and lowers accuracy on all three benchmarks. (3) Gain coverage. Retaining all
positive gains (p = 1) reduces average accuracy by 1.9 points, supporting the filtering of marginal
gains to reduce label noise. (4) Training decisions. Sampling rather than thresholding continuation
decisions during training reduces average accuracy by 1.3 points. This suggests that consistent token
selection across training and inference helps each depth specialise.

Model architecture. (1) Updater. We replace the learned updater with the probability-weighted
sum of the top-100 token embeddings (Fu et al., 2025b). This alternative reduces average accuracy
by 2.1 points, supporting learned state updates. (2) Output. Using only the final prediction reduces
average accuracy by 1.0 point, supporting the stopping-weighted mixture.

5.5 FURTHER ANALYSIS

Decider—gain alignment. For TaH2 (M = 2)
at 1.7B, we group validation tokens by continue

—— TaH2 (M=2)

=}
W
o
1l
=)
[

probability and measure the mean loss reduction *§ 02 /
from a second iteration (Figure 6). Tokens with g 3 A -~
probabilities near zero show negative or negligi-  £°* -

ble gains, while mean gain increases with con- (Y] SR —
tinue probability overall. At the decision thresh- p=0.00 p=001 p=076 p=099

. . . Decider probability
old of 0.5, the corresponding loss reduction is

nle):?llr. Zero;j. These(:ig.egultsl support the deczider s Figure 6: Mean loss reduction from a second it-
aprlity to direct additional iterations towards to- oa4i0n versus the decider’s continue probability

kens that benefit more from them. for TaH2 (M = 2) on the validation set.

Token-level depth allocation. We visualise token-level iteration depths in sampled responses from
OlympiadBench, HumanEval and GPQA (Appendix C.4). In the math and code examples, mathe-
matical expressions and final code use fewer iterations than the preceding natural-language reason-
ing, whereas the QA example maintains greater depth throughout.

Cross-iteration attention. We examine attention across iterations in three representative heads on
validation sequences (Appendix C.5). We find that different attention heads learn distinct iteration
preferences: attending primarily to first-iteration states, later-iteration states, or both.

6 CONCLUSION

In this paper, we study the test-time scaling of looped transformers introduced through post-training.
Existing looped models yield steeper accuracy—compute slopes than their non-looped baseline, yet
remain less accurate at matched compute. We therefore introduce TaH2, which post-trains adaptive
looped transformers by jointly training the backbone and an iteration decider through lookahead
depth supervision. On AIME, TaH2 improves the slope by 53% and exceeds Standard’s peak accu-
racy by about 3.4 points at matched compute. Its gain over Standard grows from 2.8 to 3.9 points as
the maximum iteration depth increases from 2 to 8, and extends to larger models (4B and 8B) and
other domains (code, QA and tool use).

Limitations. (1) TaH2 incurs more training FLOPs than standard SFT (Appendix A.4.3). But note
that post-training requires substantially less compute than pretraining, making TaH?2 a practical way
to add adaptive depth to existing models. (2) Our method is studied only under SFT; we leave its
extension to on-policy distillation and reinforcement learning for future work.
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Al USE STATEMENT

In this work, we used generative Al tools for polishing the paper text. We have not used generative
Al tools for research ideation, methodology or experimental design, method implementation, result
interpretation, etc.; the remaining required-disclosure tasks are not applicable to this work. We
have reviewed all Al-assisted work: all Al-assisted text was checked by the authors against the
experimental records and cited sources.

ETHICS STATEMENT

This study trains and evaluates language models on publicly available reasoning data and bench-
marks; it does not involve human subjects or sensitive personal data.

REPRODUCIBILITY STATEMENT

All experiments use publicly available base models and data. Section 4 specifies the model family
and objective; Appendices A and D give the full loss, architecture and baseline definitions, FLOPs
accounting, training hyper-parameters and evaluation protocol. Training and evaluation code, con-
figuration files, and checkpoints will be released upon publication.
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A ADDITIONAL EXPERIMENT SETUPS

A.1 TRAINING RECIPE

A.1.1 HYPER-PARAMETERS

Table 5: Training hyper-parameters shared by all variants at a given scale.

Hyper-parameter Value
global batch (samples) 128
sequence length 16384
learning rate 4 %1075
max gradient norm 1.0
epochs 3
warmup ratio 0.03
learning-rate scheduler cosine
minimum learning-rate ratio 0.1
TPP 2
precision bf16

coverage p / ap / threshold 7exiy  0.99/0.05/0.5

A.1.2 TRAINING DATA

Main experiments. For the 1.7B experiments (Section 5.2), we regenerate responses to the
AM-Qwen3-Distilled and Nemotron-Agentic-vl prompts (a-m-team, 2025; NVIDIA, 2025) with
Qwen3-8B. We choose this teacher because it gives the most accurate student among the teachers
we compare (Appendix B.1).

Additional scales. For the experiments in Section 5.3, we train the 4B and 8B backbones on the orig-
inal AM-Qwen3-Distilled responses from Qwen3-235B-A22B (a-m-team, 2025), covering math,
code and QA, together with tool use samples from Nemotron-Agentic-v1l (NVIDIA, 2025). We ex-
clude samples whose combined prompt and response exceed 16,384 tokens. The 4B and 8B models
are trained on 8B and 16B tokens, respectively. At each size, TaH2 uses M = 2 and the same
training recipe as Standard.

A.2 ARCHITECTURE AND BASELINE DETAILS

We detail the updater and decider introduced in Section 4.1, followed by the baseline implementa-
tions summarised in Table 6.

A.2.1 ARCHITECTURE DEFINITIONS

Extended duo-causal attention. Following TaH (Fu et al., 2025b), each iteration keeps its own
KV cache, and a query at token ¢ and depth m attends to executed states at positions s < ¢ and
depths 5 < m (Figure 7). Concatenating the per-iteration caches into one sequence turns this rule
into a block-structured mask, so training and prefill process all tokens in parallel. During training,
a stopped token also computes a no-gradient lookahead iteration. Lookahead queries cannot attend
to other tokens’ lookahead states, but can attend to their executed states under the duo-causal rule.
Self-attention is retained, and all other attention follows the same position and depth constraints.

Qwen3 MLP. The updater and decider each use a Qwen3 SwiGLU MLP, written as B:
B(x) = Waown [SILU(W gatex) © (Wypx)], (8)

where © denotes elementwise multiplication. We write RN for RMSNorm and [-; -] for concatena-
tion. The two MLPs, B, and B34, have separate weights, and each RN operation has its own learned
scale.
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Figure 7: Extended duo-causal attention in TaH2. Each cell denotes a (token id, iteration depth)
pair; green arrows and cells show the keys visible to token 3. (a, b) Executed depths at inference and
training; dashed cells are no-gradient lookahead iterations used only for depth supervision. (c,d) The
corresponding attention masks over concatenated per-iteration KV caches, where shaded cells are
visible. Lookahead queries cannot attend to other tokens’ lookahead states; all other attention fol-
lows the duo-causal rule.

Updater. The updater fuses the original token embedding with the current hidden state and produces
the next iteration’s input:

x") = W, [RN(e,); RN(h{™)],

Uy (e, hgm)) = RN (Bu (RN(Xfﬁ)))) ' &)

Decider. The decider combines the same embedding and hidden state with the largest prediction
probabilities to predict whether to continue:

x{" = W4[RN(e,); RN(h{™); RN(TopK(q{"™"))].
gt(m) — O’(VVSCOre RN (Bd(xénz))>) .

Here o is the sigmoid function, and TopK returns probability values in descending order (2,048
values for the 1.7B model). All projections are bias-free, and both modules share their parameters
across iterations.

(10)

Baseline implementations. All baselines are post-trained from the same Qwen3-1.7B-Base check-
point using the same data, sample order, training recipe and evaluation protocol as TaH2. Our Ouro
and Huginn implementations adapt their architectures to this setting rather than reproduce the re-
leased checkpoints; neither uses TaH2’s updater, decider or online supervision.

TaH2-fixed. This variant retains TaH2’s updater, replaces extended duo-causal attention with causal
attention and removes the decider. Every token executes all M iterations. The model is trained with
next-token prediction loss on the uniformly averaged distribution, q; = ﬁ Zn]\le qgm).

Ouro. Our implementation loops the entire backbone, passing the hidden state unchanged to the next

iteration as in Equation 1, and follows the two-stage training of Zhu et al. (2025). To avoid gate col-
lapse in post-training, where every token exits after the first iteration, we simplify Stage I by remov-

ing the exit gate and uniformly averaging the per-iteration losses, Louro = % Do ﬁ 2%21 Egm),

with every token executing M iterations. Unless otherwise stated, Ouro results use this fixed-depth
model.

Stage II follows the original gate training (Zhu et al., 2025, Section 3.4). From the Stage I checkpoint
at M = 2, we freeze the backbone and train a linear exit gate Agm) = o(wly sg[him)]), where
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sg[-] stops gradients. With all iterations executed, the gate is supervised by the soft target Egm) =

a(k([t(m) — 7)), where 1™ = max (0, sg[t™ — Egmﬂ)}):

M—-1

1 ]- m ~(m
Loae =77 >+ D BCE(1 =2, &™), (11)

m=1 t

using the original £ = 50 and v = 0.005. Training settings follow our main post-training setup
(Appendix A.1.1), except for a learning rate of 10~* and a single epoch. At inference, the original
Q-exit rule stops each token at the first depth whose cumulative exit probability reaches ¢ = 0.5.
Prefill executes all iterations; during decoding, an early-exiting token skips the remaining iterations
and reuses its last executed KV entries for deeper ones (Zhu et al., 2025).

Huginn. Following the middle-block recurrence of Geiping et al. (2025a), our 28-layer backbone

repeats layers 8-21 (14 layers). Layers 1-7 are evaluated once to produce z;. After iteration m, an

input adapter combines z; with the middle-block output rgm) to form the next input:

uimﬂ) =aQ® rtm) +v O Wiz, v = softplus(bi,), a=exp ( ) 20) exp(bret))7 (12)
where by, and b, are learned bias vectors, a and v control state retention and input injection. The
adapter adds d? + 2d = 4.20M parameters for hidden dimension d = 2048 (0.24%). Every token
executes M iterations of the middle block, after which layers 22-28 and the LM head produce the
prediction used for next-token cross-entropy. This gives an effective depth of 14 4+ 14M layers:
Huginn at M = 3,7 matches the 56 and 112 layers executed by Ouro at M = 2, 4, respectively.

A.2.2 ARCHITECTURE SUMMARY AND PARAMETER COUNTS

Table 6 summarises the architectures; Table 7 separates the updater and decider parameters at each
scale. Together, they account for less than 3% of total parameters.

Table 6: Architectures used in the 1.7B comparison. Added parameters are reported as counts and
fractions of total model parameters.

Model Loop scope Depth allocation = Added module Added params
Standard none (M =1) - - 0

TaH2 all L layers per-token adaptive  updater + decider  46.2M (2.6%)
TaH2-fixed all L layers fixed updater 21.0M (1.2%)
Ouro (fixed-depth) all L layers fixed - 0

Ouro (adaptive) all L layers per-token adaptive  exit gate 2.0K (<0.001%)
Huginn layers 8-21 fixed input adapter 4.2M (0.24%)

Table 7: Updater and decider parameters across backbone scales. Counts include projections, MLPs
and RMSNorm scales and are rounded independently. Percentages are relative to total model pa-
rameters.

Scale Backbone Updater Decider Total added Added (%)

1.7B 1720.57M 20.98M 25.18M 46.16M 2.61%
4B 4022.47TM 32.78M 39.33M 72.11M 1.76%
8B 8190.74M 83.90M  100.68M 184.59M 2.20%

A.3 EVALUATION PROTOCOL

Validation loss and the token-level analyses of Section 5.5 use a fixed validation set of 1,000 sam-
ples randomly drawn from the training mixture and excluded from training, scored under teacher
forcing. Test-time scaling curves sweep the output-token cutoff and re-evaluate truncated responses;
each figure specifies its cutoff range. For the 4K-16K curves in Figure 1a, linear fits of accuracy
against log, decoding FLOPs yield R? = 0.997 for Ouro, 0.994 for Huginn and 0.955 for Standard.
We estimate decoding FLOPs from the serving engine’s depth and token records as described in
Appendix A 4.
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Table 8: Benchmarks used in this paper. The default output-token limit is 32K.

Benchmark Domain #Problems Metric Subset
AIME24 / AIME25 / AIME26 math 30/30/30 avg@32 -
AMC23 math 40 avg@32 -
MATHS00 (Lightman et al., 2023)  math 500 avg@4 -
OlympiadBench (He et al., 2024) math 675 avg@4 -
IMO-AnswerBench math 400 avg@4 -

GPQA (Rein et al., 2023) QA 198 avg@8 Diamond
SuperGPQA QA 7,050 avg@4 Hard
HumanEval (Chen et al., 2021) code 164 avg@8§ -

MBPP (Austin et al., 2021) code 378 avg@8 -
LiveCodeBench v6 (Jain et al., 2024) code 175 avg@4 -

BFCL v3 (Patil et al., 2025) tool use 800 avg@1(greedy) Multi-turn

Runtime measurement. We extend Mini-SGLang (Xu, 2025) to batch requests at different iteration
depths in a shared forward pass, following continuous depth batching (Schwethelm et al., 2026a).
Once a request completes the iterations for its current token, it proceeds to decode the next token
without waiting for other requests to finish their iterations. We evaluate the 30 AIME26 problems
with a 32K output-token limit on a single A800-80GB GPU, using bfloat16 and temperature 0.6;
batch sizes 1 and 4 use one and four samples per problem, respectively. Table 2 reports decoding
GFLOPs per generated token, computed from the per-call costs in Appendix A.4.1, together with
mean end-to-end latency and aggregate output-token throughput. All results use the same evaluation
seed.

A.4 COMPUTE ACCOUNTING

This section defines the decoding FLOPs reported throughout the paper and the corresponding train-
ing cost. Section A.4.1 fixes the conventions and per-call costs, and Sections A.4.2 and A.4.3 give
compact forms of decoding and training FLOPs before expanding each term.

A.4.1 PRELIMINARIES

Conventions. We count model matrix-multiplication FLOPs, with a multiply-add as two operations.
Elementwise operations (normalization, activations, softmax, top-k selection and the stopping-
weighted mixture), sampling, memory traffic and serving overhead are excluded. A linear map
from a to b features therefore costs 2ab FLOPs per token.

Notation. The L-layer backbone has hidden width d, total key—value width dy, and MLP width dg,
and V is the vocabulary size. For the Qwen3 models used here, the query width nydpeaq equals d.
The TaH2 updater and decider have MLP widths d,, and dg4, and the decider receives the k largest
prediction probabilities (Appendix A.2.1). Token ¢ executes m; < M iterations.

Per-call costs. One backbone pass, one LM-head call, and one call of each TaH2 module cost

FLOPsy), = L[4d(d + diy) + 6d dgg],  FLOPSpeaq = 24V,

13
FLOPsypq = 4d? + 6d dy, FLOPSgecider = 2d(2d + k) + 6d dg + 2d. (1)

In FLOPsyy,, 4d(d + dyy) covers the query, key, value and output projections and 6d dg the three
SwiGLU matrices. The updater applies W, (2d — d) and B,,, and the decider applies W4 (2d+k —
d), Bq and W o,e (d—1). Attention cost depends on context length: a query that attends to S keys
adds FLOPs,,(S) = 4LdS for the QK " and attention-weighted value products. Table 9 lists all
per-call costs for the 1.7B model; the backbone pass dominates, and the updater and decider each
cost less than 2% of it.
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Table 9: Per-call matrix-multiplication FLOPs for Qwen3-1.7B (L = 28, d = 2048, dy, = 1024,
dg = 6144,V = 151,936, k = d, = dq = 2048).

Component FLOPs per call 1.7B (GFLOPs)
Backbone pass L[4d(d + dyy) + 6d dg] 2.819

LM head 2dV 0.622

Attention, per visible key ~ 4Ld 2.29 x 1074
TaH2 updater 4d? + 6d dy 0.042

TaH2 decider 2d(2d + k) + 6ddq +2d  0.050

Huginn input adapter 2d? 0.008

A.4.2 DECODING FLOPs

Compact form. For TaH2, summing over token positions processed during decoding gives

FLOPsgec = 3 | 3 FLOPSpaes(t,m) + (my — 1) FLOPs g "
t m=1

+ min(mt, M — 1) FLOPSdeCider:| )

where FLOPs,45 (£, m) includes the backbone, attention and LM head. The updater prepares each
iteration after the first, and the decider is not called after the final permitted iteration.

Positions and visible keys. Consider one response with a P-token prompt. Its first output token is
sampled from the prefill, which we exclude, so decoding processes positions t = 1,..., N, where
N is the number of output tokens minus one. Prompt position j keeps KV streams for r; iterations.
Under extended duo-causal attention, a query at position ¢ and depth m sees every KV entry from
earlier positions at depths up to m, together with its own entries from depths 1 to m:

P
ng) = Zmin(rj, m) + Z min(my,, m) + m. (15)
j=1

u<t

Expanded form. Each pass applies the LM head, whose per-depth predictions feed the de-
cider and the stopping-weighted mixture, so0 FLOPspas5(t,m) = FLOPspy, + FLOPSpeaq +

FLOPsattn(S§m)). Substituting into Equation 14 gives
N

my
FLOPs#2 = $° [mt (FLOPs, + FLOPspeaa) + 4Ld Y 5™
t=1 m=1 (16)

+ (my — 1) FLOPSypq + min(my, M — 1) FLOPsdecider].

Baselines. Fixed-depth models execute all M iterations at every position. Under causal attention,
earlier positions expose only their base stream, so a query at depth m attends to P +¢ — 1+ m keys;
when every iteration keeps its own KV stream, it attends to P + ¢ keys. TaH2-fixed uses causal
attention and applies the LM head and updater as TaH2 does. Ouro and Huginn keep one KV stream
per iteration and apply the LM head only after the final iteration; Huginn executes 7 + 14M + 7 of
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the 28 layers and its input adapter once per core iteration. This gives

N
FLOPs§&% =3 ™ [FLOPsyp, + FLOPSyeaq + 4Ld (P + 1)], (17)

t=1

N
FLOPs[H>fxed — §° [M(FLOPSbb + FLOPShena) + (M — 1) FLOPs,pa
t=1

M

+4LdZ(P+t71+m)}, (18)
m=1
N
FLOPs{"™ = Z [M FLOPsy, + FLOPSpeaq + 4Ld M(P + )], (19)
t=1
. N
FLOPsi™ = 3~ [L5UM (FLOPsy, + 4Ld (P + 1))
t=1
4 FLOPSpenq + 2Md2} . (20)

A.4.3 TRAINING FLOPs

Compact form. Approximating backward cost as twice the corresponding forward cost,
FLOPStrain & 3 FLOPStorward + FLOPSapel, 21

where FLOPS;o,warq includes all gradient-tracked forward computation, including the LM head,
updater and decider, and FLOPsj,p¢ includes all additional no-gradient computation for online
labels, including context reconstruction and auxiliary-module calls. All models share the same
training implementation, so implementation-level choices such as activation checkpointing are not
counted and the comparison reflects only algorithmic differences.

Per-depth counts. Consider a training sequence of 7" tokens. Let N,,, = [{t : m; > m}| be the
number of tokens that execute iteration m, with Ny = T, and let A4,, = Zt:m>m St(m) be the

number of query—key pairs at depth m. Here St(m) follows Equation 15 without the prompt term,
because training attends over the whole sequence.

Gradient-tracked forward. Every executed iteration runs the backbone and LM head with gradi-
ents, the updater prepares iterations 2 to M, and the decider runs after iterations 1 to M — 1:

M
FLOPStorard = 3 [Nm (FLOPSyp, + FLOPSpeaq) + 4Ld Am]

m=1

| 22)
M M—-1
=+ Z N, FLOPSupd + Z Ny, FLOPsgecider-
m=2 m=1

The decider loss reuses the decider outputs of this pass and adds no further calls.

Label computation. Online labels require the next-iteration loss of every token that stops. After
iteration m < M, a no-gradient lookahead therefore applies the updater, backbone and LM head at
depth m + 1. Under extended duo-causal attention, a stopped token’s lookahead query must also
see the depth-(m + 1) KV of earlier tokens that continue. The lookahead reconstructs this context
by re-running all N,, tokens that executed iteration m, rather than only the N,,, — N,,, 1 tokens that
stop:

M-—1
FLOPSiubel = > | Nin (FLOPsypa + FLOPsy, + FLOPSpeaa) + 4Ld Ay
m=1 (23)
Apyr = Z [Zmin(mu,m—l—l)—&—m—i—l},
tmi>m  u<t
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where fimﬂ counts each lookahead query as if its token continued.

Baselines. Baselines compute no labels, so FLOPsy,1) = 0, and every token executes all iterations,
so N,, = T. Standard has one backbone pass and one LM head per token. Ouro applies the LM
head at every iteration because its objective supervises each exit, Huginn applies it once after the
coda, and TaH2-fixed applies it at every iteration together with M — 1 updater calls. Their attention
pairs follow the fixed-depth key counts of Section A.4.2 with P = 0.

Training cost of the 1.7B runs. Table 10 evaluates these expressions for all 1.7B models, each
trained for 6,402 steps of 128 sequences (three epochs). For TaH2, we use the average iteration
count per token logged during training. The label lookahead accounts for 20-24% of the training
FLOPs of TaH2. At M = 2, TaH2 costs 1.87x Standard, below TaH2-fixed (2.01x) and Ouro
(2.00x) at the same ceiling.

Table 10: Training FLOPs (10*®) of the 1.7B post-training runs, split into the terms of Equation 21.
Fwd. + bwd. reports 3 FLOPSs¢orward-

Model M  Fwd.+bwd. Label Total vs. Standard
Standard 1 4138 - 418 1.00%
Husinn 3 777 - 77 1.86x
g 7 149.3 - 1493 3.57x
Oure 2 83.6 - 836 2.00%x
4 167.1 - 1671 4.00%

2 84.0 — 840 2.01%

TaH2-fixed 168.4 — 1684 4.03%
D 628 152 781 1.87x

TaH2 4 876 267 1143 273%
8 1642 520 2162 5.17%

B ADDITIONAL EXPERIMENTAL RESULTS

B.1 TEACHER SELECTION

We compare Qwen3-8B, Qwen3-32B and Qwen3-235B-A22B as teachers, using responses gener-
ated from the same prompts. We fine-tune Qwen3-1.7B-Base (Standard) on each response set with
an identical training recipe and evaluate with a 32K output limit, temperature 0.6, top-p 0.95 and top-
k 20. The 8B teacher yields the highest mean student accuracy on AIME24-26 (Table 11), exceeding
the 32B and 235B teachers by 1.63 and 1.80 points, respectively. We therefore use Qwen3-8B as
the teacher for all main experiments.

Table 11: AIME accuracy (%) for Qwen3-1.7B-Base students trained on responses from different
teachers. All evaluations use avg@32 and a 32K output-token limit.

Teacher AIME24 AIME25 AIME26 Mean
Qwen3-8B 11.04 13.02 11.87 11.98
Qwen3-32B 9.69 11.98 9.38 10.35
Qwen3-235B-A22B 10.42 9.90 10.21 10.18

B.2 INFERENCE DEPTH OUTSIDE THE TRAINING CEILING

We evaluate the M = 8 checkpoint with the inference ceiling lowered to 4 or raised to 12, without
retraining. Table 12 reports AIME24-26 accuracy and mean realized depth. Lowering the ceiling
to 4 reduces accuracy by 2.7-3.1 points across AIME24-26. Raising it to 12 leaves accuracy essen-
tially unchanged while increasing mean depth by 20-27%. Additional depth at inference therefore
neither breaks the model nor improves it beyond the trained ceiling.
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Table 12: Effects of changing the inference depth ceiling. M denotes the training ceiling; the upper
group provides reference models evaluated at their training ceilings. Accuracy (%) uses avg@32;
Avg. is the mean across AIME24-26.

Model Inference  \y\ipa4 AIME2S AIME26 Avg T30
ceiling depth
Standard 1 11.0 13.0 119 120 1.00
TaH2 (M = 2) 2 15.7 16.5 143 155 123
TaH2 (M = 4) 4 163 16.9 142 158 149
TaH2 (M = 8) 4 13.6 15.1 114 134 155
TaH2 (M = 8) 8 163 17.9 145 162 222
TaH2 (M = 8) 12 16.9 172 145 162 272

C ADDITIONAL ANALYSIS

C.1 VALIDATION LOSS DURING POST-TRAINING

Figure 8 shows validation loss throughout post-training at 1.7B. Both TaH2 variants maintain lower
loss than Standard, with greater iteration depth yielding further reductions and adaptive TaH2 attain-
ing the lowest final loss.

'_I'aHZ (adaptive) '_I'aH2 (fixed-depth)

Final validation loss vs Standard Final validation loss vs Standard

v ﬁ " —-—'
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,
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— T i _ —
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Figure 8: Validation loss during post-training at 1.7B. Insets show final loss differences from Stan-
dard; negative values indicate improvements.
C.2 PER-BENCHMARK TEST-TIME SCALING

Figure 9 shows test-time scaling on each of the six math benchmarks. We use output-token cutoffs
of 4K, 6K, 8K, 12K, 16K, 20K, 24K, 28K and 32K, matching the sampling grid of Figure 4b.
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Figure 9: Per-benchmark test-time scaling on the six math benchmarks at 1.7B. Each panel compares
Standard with TaH2 at M € {2,4, 8} using the same nine output-token cutoffs as Figure 4b. Dark
segments extend through 16K and light segments through 32K.

C.3 PARALLEL TEST-TIME SCALING

Test-time compute can also scale in parallel, by sampling several responses and aggregating them
with majority voting. Figure 10 measures this axis with cons@n on AIME24-26: for each problem,
we vote over n of the 32 recorded full-length responses, drawn without replacement and averaged
over random draws, and count decoding FLOPs as n times the mean per-response cost. TaH2 at
M = 2 reaches 27.3% at n = 32 compared with 21.9% for Standard, and its curve stays above
every fixed-depth baseline at matched FLOPs.

C.4 TOKEN-LEVEL DEPTH ALLOCATION

Figure 11 shows iteration depths in three sampled correct responses. The math and code examples
show a clear shift from deeper natural-language reasoning to shallower mathematical expressions
and final code. Mean depth falls from 2.46 to 1.29 in OlympiadBench and from 3.31 to 1.04 in
HumanEval across the displayed spans. The GPQA example retains substantial depth through its
concluding explanation. These cases suggest that depth allocation reflects local response content
and the stage of reasoning.

C.5 CROSS-ITERATION ATTENTION

We examine three representative heads of TaH2 (M = 8) on 100 randomly sampled validation
sequences under teacher forcing, retaining the decider’s actual routes. For queries at iteration 8§,
Figure 12 shows distinct preferences for first-iteration states, later-iteration states, or both. Figure 13
visualises these patterns over the first 128 response positions with the original context preserved.

D FuLL FORMULATION OF LOOKAHEAD DEPTH SUPERVISION

Continuation labels and gain coverage. The continue target cgm) indicates whether token ¢ should

execute another iteration, whereas m; records how many iterations token ¢ executes under the current

decider. As in Section 4.2, agm) = 1[m; > m] records whether supervised token ¢ executes iteration
m. These labels are recomputed from the current backbone on every training batch and do not
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Figure 10: Parallel test-time scaling: mean AIME24-26 cons@n versus decoding FLOPs per prob-
lem forn = 1,..., 32, one model family per panel with Standard for reference.
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2 3 [« SIEEIK

HumanEval
Beginning
<think>

Okay, I need to solve this|FITTIRIIEGE problem. Letfl
read the]fBH} carefully. The function x or y takes
three parameters: n, x, and y. The goal is to_return
x if n is a prime number, otherwise return y.

SIETRELS] thing I need tofl isJFTMIR out whether
the given njERRCICISLE. Then, based|ERIELEL, return|
the appropriate] Uit

BT TR of n7% example,

n is 3, KUSCINER not a prine. JEIKAR function|

Mean depth 1.04

simple program which should return the value
of x if n is

a prime number and should return the value of y
otherwise.

Mean depth 3.31

Ending

Examples:
for x_or_y(7, 34, 12)
for x_or_y(15, 8, 5)

def is prime(n):
if n<2:
return False
if n==2
return True
if n %2 ==0:
return False
for i in range(3, int(n**e.5) + 1, 2):
if n%i==0:
return False
return True

if is prime(n):
return x
else:
return y

OlympiadBench
Beginning
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okay, B T need to figure out the value of f(2,8)
E function f(af b)RCHE/b + b/a + 1/(gl). Let
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:JEE first term is a divided by b, the second
b divided by a, and the third is 1 divided by the
product of a and b.

e[RRI thelERMSEMN again to make sure I
have it rightHl f(a, b) = (a/b) + (b/a) +fll1/(ab)).
| YeahWREYY' s what itfEEWEN So for fPHIMEI jusi]

Mean depth 1.29

Mean depth 2.46

Ending
Combine the first two termsf]

$$
\frac{a}{b} + \frac{b}{a} = \frac{a"2 + b*2}{ab}
$$

the third term:

$$

f(a, b) = \frac{a"2 + b*2Jffab} + \frac{1}{ab} = \frac
{a"2 + b*2 + 1}{ab}

$$

oo LRIEE sinplified forn to RN T

$$

(2, 5) = \frac{2"2 + 5°2 + 1}{2 \cdot 5} = \frac{4 +
25 + 1}{10} = \frac{30}{1} = 3

$$

### Final Answer

$$
\boxed{3}
$$
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Okay, s0 I need to find the eigenvalues of the
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Figure 11: Token-level iteration depth in sampled correct responses from OlympiadBench, Hu-
manEval and GPQA. Darker shading indicates more iterations; mean depths refer to the displayed

spans.
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Figure 12: Attention mass by key iteration for three representative heads at query iteration 8. Bars
show means over 100 sequences; error bars indicate one sample-level standard deviation. Queries
are averaged within each sequence first.

determine the routes used in that forward pass. We initialise cio) = 1 for every supervised token
and compute the loss reduction 6" = ¢{"™ — ¢{™ ™V a5 in Equation 5. For a token that stops, a
no-gradient lookahead supplies its next-iteration loss.
At iteration m, collect the positive gains of tokens with a,E"” = 1 and c,(fmfl) = 1 across data-
parallel ranks and sort them as 5[(17]" ) > 2> 5[(:]L) > 0, where [i] denotes gain rank and n is the
number of positive gains. The coverage cutoff is

SR PUR o BYESI e W (m) _ sm)

leoy = Min {2 : Z 6[” >p Z (5[1.,] }7 Oent = 6[icov]' 24)

ir=1 i'=1

Equation 6 assigns continue labels to gains at or above this cutoff, including ties. Thus p specifies a
fraction of total positive gain, not a fraction of tokens. As an exception to Equation 6, if there are no

positive gains, we set 5£umt) = 0 only for weight computation and assign zero continue labels at this
and all later iterations.
Cost-sensitive weights. For tokens with agm) = 1, the per-token weights are
oy _ [etip(18™ =651, 1076, 1) oY =1,
wy = (m—1) (25)
1076, c =0.

The fixed lower bound preserves a small supervision weight near the cutoff and for tokens already
labelled to stop; the upper bound limits the influence of large loss changes. Labels, cutoffs and
weights are treated as constants during backpropagation.

Class balancing and joint loss. At each iteration, we count stop and continue labels among tokens
with agm) = 1, pooling counts across data-parallel ranks. The positive-class balancing weight 3("™)
is their stop-to-continue count ratio; it is set to one if either class is absent. The BCE in Equation 7

is therefore
BCE (gt(m), cgm)) = ™™ log gt™ — (1 ¢{™) log(1 — gi™). (26)

The coverage cutoff and class-balancing weights are calculated from each batch, with the clipping
bounds above fixed throughout the experiments.

E ADDITIONAL RELATED WORK
This section extends Section 2, grouped by test-time compute, recurrent design, adaptive depth and
serving.

Test-time scaling. Token-based scaling further differs in how it controls reasoning length and se-
lects candidates. Within a sequence, online confidence adjusts reasoning budgets (Li et al., 2026c¢),
while analyses of overthinking show that longer chains are not uniformly better (Wu et al., 2025b).
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Figure 13: Attention maps for the same heads, with columns indexing heads and rows indexing key
iterations. Each query position is averaged over sequences that reach iteration 8. All panels share a
logarithmic colour scale; grey marks positions with no executed queries. Prompt keys are omitted
without renormalising attention.
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Across candidates, process-reward search (Guan et al., 2025), likelihood-based sampling (Karan &
Du, 2025) and effort-aware sample scheduling (Chen et al., 2026¢) guide exploration; call-count
studies examine the non-monotone returns of additional LLM calls (Chen et al., 2024). Within la-
tent representations, methods compress multimodal reasoning (Shen et al., 2025), supervise parallel
latent blocks (Fan et al., 2026), switch between latent and discrete reasoning by confidence (Xu
et al., 2026), or add hidden sequence positions (Liu et al., 2026). ParScale instead adds parallel
computation through multiple streams sharing model parameters (Chen et al., 2025a).

Recurrent architectures. Recurrent architectures differ in what they repeat and retain. Universal
Transformers share transformations across depth (Dehghani et al., 2019), whereas block-recurrent
Transformers carry recurrent state across sequence blocks (Hutchins et al., 2022). Within depth re-
currence, studies of growing and looping examine which blocks to repeat (Kapl et al., 2026); Loop-
ies repeats individual layers, offering an alternative to middle-block and full-stack recurrence (Gao
et al., 2026). Pondering models feed predictions back as embeddings (Zeng et al., 2025), CoT-
Former interleaves intermediate representations as additional tokens (Mohtashami et al., 2023), and
recursive reasoners refine latent states on structured tasks (Ge et al., 2025; Ren & Liu, 2026; Baeck
et al., 2026; Altabaa et al., 2025). Theory examines the expressivity and memory requirements of
repeated computation relative to explicit CoT (Saunshi et al., 2025; Zhang, 2026).

Scaling under resource constraints. Scaling results depend on which resources are held fixed as
recurrence increases. Parcae studies compute allocation at fixed unique parameter count, allowing
effective depth and per-token computation to grow (Prairie et al., 2026). Iso-Depth instead fixes
effective depth and quantifies the capacity retained when independent blocks are replaced by shared
iterations (Schwethelm et al., 2026b). Sparse-layer studies examine how expert routing affects the
cost of parameter sharing (Lee et al., 2026), and Loopies compares layer-looped MoE models under
matched wall-clock training budgets (Gao et al., 2026). SMELT matches per-token FLOPs, total
non-embedding parameters and KV cache, then fits separate pretraining scaling laws for looped
and non-looped MoE models (Wang et al., 2026b). Architectural syntheses likewise distinguish
parameter efficiency from computational cost (Huang et al., 2026a). Our comparison varies output-
token budgets after post-training and measures reasoning accuracy against decoding FLOPs per
response, complementing these architectural and pretraining studies.

Depth scaling and stability. Increasing the depth used during training and executing more iter-
ations than were seen during training are distinct settings. Ouro, Parcae and STARS report satu-
ration or degradation when inference extends beyond the trained depth regime (Zhu et al., 2025;
Prairie et al., 2026; Yang et al., 2026b); RecurTrace, TaH and code-model studies also document
non-monotone returns from additional iterations (Wang et al., 2026¢; Fu et al., 2025b; Yang et al.,
2026a). Stability methods, including STARS, modify residual scaling, input injection or recurrent
dynamics (Li et al., 2026b; Wang et al., 2026a; Fu et al., 2026b; Yang et al., 2026b; Labovich, 2026),
while readout analyses show that per-loop supervision constrains only the state variables exposed to
the readout (Sharma & Vu, 2026). Mechanistic studies distinguish state convergence from predictive
improvement (Blayney et al., 2026; Viakhirev et al., 2026), examining two-scale dynamics (Pappone
et al., 2025), dynamical regimes (Kim, 2026; Zhang et al., 2026), Jacobian structure (Wang & Reid,
2026) and links between latent and verbal reasoning (Chen et al., 2026a). Our depth-scaling exper-
iments increase the maximum iteration depth used in training; Appendix B.2 examines inference
beyond it.

Recurrent states and output aggregation. State design determines which information remains
available across iterations. Memory highways (Yu et al., 2025) and depth attention (Knupp et al.,
2026) expose earlier states, while anchored injection (Kim et al., 2026), discrete—continuous chan-
nels (Fu et al., 2026a) and gated modulation (Hegazy et al., 2026) alter state updates. Other work
changes the repeated computation through mixer-only loops (Lin et al., 2026), multi-token guid-
ance (Shomali et al., 2026) or denoising objectives (Suleymanzade et al., 2026). For output ag-
gregation, PonderLM-3 weights hidden states by predicted depth probabilities (Li et al., 2026a);
Adaptive Latent CoT and Adaptive Loops and Memory use halting probabilities to combine inter-
mediate states (Zeng et al., 2026; Frey et al., 2026). TaH2 uses input injection between iterations
and mixes output distributions across executed depths, with the final depth absorbing the remaining
stopping mass.

Post-training recurrence into pretrained LLMs. Conversion methods differ in how they pre-
serve and adapt pretrained computation, paralleling upcycling into MoE or deeper models (Ko-
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matsuzaki et al., 2022; Kim et al., 2023; Wu et al., 2024a). Beyond the conversions in Section 2,
path-preserving initialisation retains single-pass behaviour (Shapiro, 2026), a trainable recurrent
module can be attached to a frozen backbone (Panwar et al., 2026), and middle layers can be re-
peated without training (Chen et al., 2026b). Retrofitted recurrence has been evaluated on math
and compositional tool use (McLeish et al., 2025; Popescu et al., 2026a). DND learns selective re-
computation with routing regularisation and target selection ratios (Chen et al., 2025b); TaH trains
a decider from offline mismatch labels in a separate stage (Fu et al., 2025b). TaH2 instead jointly
adapts the backbone and decider using online supervision of iteration gains.

Dimensions of adaptive computation. Adaptive architectures select computation within layers
or across depth. Along width, sparse MoE routing selects experts for each token (Fedus et al.,
2022); ZEDA further varies expert activation through zero-expert injection and self-distillation (Lv
et al., 2026). Its token-level visualisations show reduced computation for mathematical expressions
and code fragments relative to natural-language reasoning, relating compute allocation to response
content. Along depth, LayerSkip enables early exits (Elhoushi et al., 2024), while MoD routes
selected tokens through each layer (Raposo et al., 2024). Other approaches change computation by
routing to larger models (Fu et al., 2025a) or grouping tokens into concepts (Huang et al., 2026b;
Qu et al., 2025).

Adaptive iteration depth. Within looped models, depth decisions differ in granularity and tim-
ing. LoopFormer follows a user-specified sequence budget (Jeddi et al., 2026); T-LoopFormer and
PonderLLM-3 predict token depths from initial states (Yu et al., 2026a; Li et al., 2026a); ANIRA com-
pares such initial allocation with decisions after each iteration (Moosa et al., 2026). Training signals
provide a separate distinction. AdaPonderLM trains iterative gates with a compute penalty (Song
etal., 2026), whereas RL-Halting uses terminal rewards to learn sequence-level stopping (Kuo et al.,
2026). Explicit gain supervision is also used by Ouro’s second-stage gate and RecurTrace’s sepa-
rately trained sequence-level head (Zhu et al., 2025; Wang et al., 2026¢); TaH2 derives token-level
targets online from the evolving backbone during joint training. Alternatives use a learned confi-
dence head (Park et al., 2026) or convergence-based stopping rules (Geiping et al., 2025a; Logan,
2026; Movahedi et al., 2026; Pappone et al., 2025). Gate collapse has been reported for Ouro, Recur-
Trace and retrofitted models (Zhu et al., 2025; Wang et al., 2026c; Shapiro, 2026) under particular
objectives and training settings, and we observe it for Ouro’s Stage I in our post-training setting
(Appendix A.2.1). Controlled diagnoses examine how jointly learned gates affect training trajec-
tories (Popescu et al., 2026b), while analyses of hierarchical recurrent models find settings where
fixed maximum depth outperforms adaptive halting (Ge et al., 2025).

Serving adaptive depth. Whether FLOPs savings become wall-clock gains depends on execution.
Continuous depth batching schedules tokens at different depths in shared passes (Bae et al., 2024;
Schwethelm et al., 2026a), cross-loop parallelism and diffusion-style samplers overlap iterations
across tokens (Wu et al., 2025a; Geiping et al., 2025b), and cross-loop KV sharing or compression
bounds memory (Vendrell et al., 2026; Deng et al., 2026; O’Neill & Reid, 2026). CHASE adapts
training to the missing states left by skipped iterations under early exit (Yu et al., 2026b). We
report decoding FLOPs as the primary metric and verify throughput with a depth-batched engine
(Section 5.2).
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